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Abstract 
This paper focuses on the results of a pilot study based on the van Hiele theory of geometric thinking at Czech secondary schools. 
The van Hiele theory describes how young people learn geometry.  It postulates five levels of geometric thinking. Usiskin later 
tested the ability of the van Hiele theory to describe and predict the performance of students in secondary school geometry. Our 
pilot study aimed to verify the test structure of the Usiskin´s test in the Czech secondary schools, and to compare the outcomes 
with American results. 
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1. Introduction: 
The van Hiele theory postulates a model of geometric thinking with three main attributes: the existence of levels, 
properties of the levels and the movement from one level to the next level. According to the theory, there are five 
levels of geometric understanding which are labelled: Level 1 recognition (visualization), Level 2 analysis, Level 
3 order (abstraction), Level 4 deduction and Level 5 rigor (Van Hiele, 1957, 1986). The question, that is not the 
subject of this study, is that the ability to understand instructions on different levels corresponds with the level of 
intelligence of the pupil in general. It is possible that higher levels of questions VanHieleho are able to ask, 
understand and answer only students with higher levels of intelligence (Havigerová, & Burešová, 2013). The 
ability of the van Hiele model to describe and predict the performance of students in secondary school geometry 
was tested in the USA (Usiskin, 1982).  
The main aim of our pilot study was to verify the test structure of the Usiskin´s van Hiele geometry test in the 
Czech mathematics education and to compare the outcomes with American results. Obtained data were further 
statistically processed from other points of view – differences between types of school and between genders. This 
part will be discussed in a separate article. 
© 2015 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the Organizing Committee of ICEEPSY 2014.
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Research sample: N=215, gender 111 male, 104 female, age 15-17 years. Respondents were from three types of 
schools: secondary general school (“grammar school / gymnasium”) 112, secondary technical school 55, 
secondary business school 48. Testing was carried out in spring 2013. The van Hiele geometry test adapted by 
Usiskin (except Level 5) and translated into the Czech language was used. This test contained five questions for 
each of the four levels (Level 1...Level 4) of geometric thinking.  Respondents had a printed test form, but they 
answered by electronic voting equipment Interwrite PRS. This device allows the collection of data to a central 
computer for subsequent processing. The controls are very intuitive and after short training respondents did not 
make trouble. 
 
Figure 1: Interwrite PRS 
 
2. Problem Statement: 
Pierre van Hiele and his wife Dina van Hiele-Geldof were Dutch researchers and teachers. They had personal 
experience with difficulties which their students had in learning geometry. Therefore, they dealt with these 
problems in detail. The theory originated in their theses at the University of Utrecht in 1957. Pierre van Hiele 
devoted his lifetime to their theory, Dina died shortly after completing her thesis. 
Research based on the theory was carried out in the Soviet Union in the 1960s. Using its results, a very successful 
new geometry curriculum was designed in the Soviet Union. American researchers did several large studies on 
the van Hiele theory in the late 1970s [Usiskin, 1982 and Senk, 1985]. These studies influenced American 
NCTM Standards and Common Core State Standards. 
The theory has three aspects: the existence of levels, the properties of the levels, and the progress from one level 
to the next level. Originally van Hiele numbered them from 0 to 4, the USA introduced numbering from 1 to 5; 
later Pierre van Hiele used only 3 levels. Moreover, also the level labels vary at present.  
According to the theory, there are five levels of thinking or understanding in geometry (it was used US 
numbering). 
Description of levels 
Level 1 Visualization (Basic visualization or Recognition) 
At this level pupils use visual perception and nonverbal thinking. They recognize geometric figures by their 
shape as “a whole” and compare the figures with their prototypes or everyday things (“it looks like door”), 
categorize them (“it is / it is not a…”). They use simple language. They do not identify the properties of 
geometric figures.  
 Level 2 Analysis (Description) 
At this level pupils (students) start analyzing and naming properties of geometric figures. They do not see 
relationships between properties, they think all properties are important (= there is no difference between 
necessary and sufficient properties). They do not see a need for proof of facts discovered empirically. They can 
measure, fold and cut paper, use geometric software etc. 
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Level 3 Abstraction (Informal deduction or Ordering or Relational) 
At this level pupils or students perceive relationships between properties and figures. They create meaningful 
definitions. They are able to give simple arguments to justify their reasoning. They can draw logical maps and 
diagrams. They use sketches, grid paper, geometric SW. 
Pierre van Hiele wrote: “My experience as a teacher of geometry convinces me that all too often, students have 
not yet achieved this level of informal deduction. Consequently, they are not successful in their study of the kind 
of geometry that Euclid created, which involves formal deduction.” 
Level 4 Deduction (Formal deduction) 
At this level students can give deductive geometric proofs. They are able to differentiate between necessary and 
sufficient conditions. They identify which properties are implied by others. They understand the role of 
definitions, theorems, axioms and proofs. 
Level 5 Rigor 
At this level students understand the way how mathematical systems are established. They are able to use all 
types of proofs. They comprehend Euclidean and non-Euclidean geometry. They are able to describe the effect of 
adding or removing an axiom on a given geometric system. 
Properties of levels 
The levels have five important characteristics: 
Fixed sequence (order) 
A student cannot be at level N without having gone through level (N−1). Therefore, the student must go through 
the levels in order. 
Adjacency 
At each level, what was intrinsic in the preceding level becomes extrinsic in the current level. Distinction 
Each level has its own linguistic symbols and its own network of relationships connecting those symbols. The 
meaning of a linguistic symbol is more than its explicit definition; it includes the experiences which the speaker 
associates with the given symbol. What may be “correct” at one level is not necessarily correct at another level. 
Separation 
Two persons at different levels cannot understand each other. The teacher speaks a different “language” to the 
student at a lower level. The van Hiele thought this property was one of the main reasons for failure in geometry.  
Attainment 
The learning process leading to complete understanding at the next level has five phases – information, guided 
orientation, explanation, free orientation, integration, which are approximately not strictly sequential.  
 
3. Research Questions 
What are the attributes of the Usiskins van Hiele geometry test (verification study), and what are the 
similarities/differences between Czech and US results?. 
 
4. Purpose of the Study: 
The main goal was to verify the validity of the Usiskins van Hiele geometry test, second goal was to compare 
Czech and US results. 
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5. Research Methods 
 
Part 1 
 
In first part of the research Usiskin’s test of van Hiele levels of geometrical thinking was analyzed. There are five 
tasks for each level, each task has five options and students choose one correct answer. Level 5 was not tested in 
our study, because according to Usiskin this level does not appear or is not testable. To accomplish a level 
Usiskin required either 3 correct answers, or 4 correct answers. We used the 3 out of 5 criterion, because the 
probability that a student accomplishes a level randomly is approximately 8 percent with this criterion, which we 
consider an acceptable risk. The following are examples of tasks from various levels (Usiskin, 1982). 
Example of task for level 1: 
Which of these are triangles? 
 
(A) None of these are triangles. 
(B) V on1y. 
(C) W only. 
(D) N and X only. 
(E) V and N only. 
 
Example of task for level 2: 
A rhombus is a 4-sided figure with all sides of the same length. Here are three examples. 
 
 
Which of (A) - (D) is not true in every rhombus? 
(A) The two diagonals have the same length. 
(B) Each diagonal bisects two ang1es of the rhombus. 
(C) The two diagonals are perpendicular. 
(D) The opposite angles have the same measure. 
(E) All of (A) – (D) are true in every rhombus. 
 
Example of task for level 3: 
Which is true? 
(A) All properties of rectangles are properties of all squares. 
(B) All properties of squares are properties of all rectangles. 
(C) All properties of rectangles are properties of all parallelograms. 
(D) All properties of squares are properties of all parallelograms. 
(E) None of (A) – (D) is true. 
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Example of task for level 4: 
Here are two statements. 
I: If a figure is a rectangle, then its diagonals bisect each other. 
II: If the diagonals of a figure bisect each other, the figure is a rectangle. 
Which is correct? 
(A) To prove I is true, it is enough to prove that II is true. 
(B) To prove II is true, it is enough to prove that I is true. 
(C) To prove II is true, it is enough to find one rectangle whose diagonals bisect each other. 
(D) To prove II is false, it is enough to find one non rectangle whose diagonals bisect each other. 
(E) None of (A) – (D) is correct. 
 
Firstly, general results with relative frequency of success and the confidence interval of these results with 
alpha=0.05 were obtained: 
Table 1: Success in the test according to the level 
 Level 1 Level 2 Level 3 Level 4 
Relative frequency 0.97 0.87 0.39 0,09 
CI (0.94, 0.99) (0.82, 0.91) (0.33, 0.46) (0.05, 0.13) 
 
This first view shows that levels are created correctly, on level n+1 there are significantly fewer respondents than 
on level n (confidence intervals have  an empty intersection).  
Secondly, we also studied the “skip-ratio” i.e. the number of students who were not successful at level n but 
succeeded in level >n. Index "skip ratio" was calculated similarly as the calculation of type II error, a false 
positive cases. For our study, the number of students who skipped level n was important. Numerically it is the 
“skip-ratio” index equal (is not at level n) / (is at some level >n). The criterion for continuity of the levels is 
“skip-ratio” <10%. 
Tables 2.1 and 2.2: “skip-ratio” in level 1 
L=1 \ L>1 1 0 sum L=1 \ L>1 1 0 
1 190 18 208 1 97,4%  
0 5 2 7 0 2,6%  
Sum 195 20 215 100,0%  
Tables 3.1 and 3.2: “skip-ratio” in level 2 
L=2 \ L>2 1 0 sum L=2 \ L>2 1 0 
1 84 103 187 1 91,3%  
0 8 20 28 0 8,7%  
Sum 92 123 215 100,0%  
Tables 4.1 and 4.2: “skip-ratio” in level 3 
L=3 \ L>3 1 0 sum L=3 \ L>3 1 0 
1 10 73 83 1 52,6%  
0 9 123 132 0 47,4%  
Sum 19 196 215 100,0%  
 
“Skip-ratio” in level 1 is 2.6% of students, who achieved the level higher than 1, “skip-ratio” in level 2 is 8.7% of 
them, who achieved the level >2 and “skip-ratio” in level 3 is 47.4% who achieved level 4. 
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Part 2 
 
In this part the results from the Czech Republic were compared with US results. We use the comparison of two 
binomial distributions with significance and effect size.  
Table 5: Comparison CZ vs. US 
 Level 1 Level 2 Level 3 Level 4 
CZ (N=215) .970 .870 .390 .090 
US (N=1100) .950 .663 .394 .172 
sig .101 .000 .548 .001 
e.s. .0201 .207 .004 .082 
 
Level 2 and level 4 are significantly different, but effect size is small (<10%). There is significant differences and 
average effect size for level 2 only.  
 
 
6. Findings: 
 
Part 1 
Levels 1 and 2 are created correctly; “skip-ratio” is < 10% which fulfilled our criterion. Level 3 has 47.4 “skip-
ratio”.  The following statements are confirmed: 
• Level 1 was achieved by 97% of the students, so for this age group (15-17y) this level is easy. 
• Level 2 was achieved by 87% of the students, so it is a bit more difficult than level 1 
• Knowledge from level 1 is necessary to achieve level 2 (only 2.6% skip level 1).  
Level 2 logically follows level 1. 
• Level 3 was achieved by 39% of the students, so it is more difficult than level 2. This level is best for 
dividing this part of population (15-17y) into classes. 
• Knowledge from level 2 is necessary to achieve level 3 (only 8.7% skip level 2).  
Level 3 logically follows level 2. 
• Level 4 was achieved by 9%, so this is much more difficult than level 3.  
• Knowledge from level 3 is not necessary to achieve level 4 (47.4% skip level 3) 
• From this perspective, we may conclude that level 4 does not follow logically from level 3. At this level, a 
different mindset was probably tested than in previous levels. 
• But as for level 4, this result is from 19 respondents only.  
 
Part 2 
The following statements were confirmed: 
• The difference in level 2 is significant with big effect size.  
• In all others levels the differences are either non-significant, or with small effect size.  
 
The results are a reflection of the Czech educational system, in which the emphasis is on level 1 and 2, partly on 
level 3. However the results are similar in both countries.  
There are several problematic questions, especially at higher levels. Czech students had worse results notably in 
following task of level 4. The task relates more construction mathematics as a science in general than geometry. 
Czech educational system this issue does not deal at that stage. 
In geometry:  
(A) Every term can be defined and every true statement can be proved true.  
(B) Every term can be defined but it is necessary to assume that certain statements are true.  
(C) Some terms must be left undefined but every true statement can be proved true.  
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(D) Some terms must be left undefined and it is necessary to have some statements which are assumed true. 
(E) None of (A) – (D) is correct.  
 
Translation into Czech is not entirely clear due to fundamental differences between the language at the Levels 
(according van Hiele) and correct mathematical expression.  
 
 
7. Conclusions: 
The van Hiele levels of geometric thinking are applicable in the Czech school system. The results of the test are 
similar to the US results. It reflects the fact that Czech geometric education places an emphasis on the teaching 
style at levels 1 and 2, partly on level 3. 
Other potential research areas open in the Czech Republic, in particular the existence of any differences the 
stages before/after completing plane geometry lessons, and the comparison of the results of other mathematics 
(standardized) tests and/or school marks. The van Hiele theory can help improve the geometric thinking in the 
Czech school system (curricula, textbooks etc.).  
Van Hiele levels may exist in other parts of mathematics; the authors intend to verify the existence of them in 
calculus, and to perform the test in basic courses at the University of Hradec Kralove. 
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